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Abstract. By using (/-integration, we will give some integral equation which are related 
to the Barnes' multiple Bernoulli numbers. The object of this paper is to give explicit 
(/-integral's formulae which are related to Barnes' multiple (/-Bernoulli polynomials. 



§1. Introduction 

Let Z, Z p , Q p and C p will be denoted by the ring of integers, the ring of p-adic 
integers, the field of p-adic numbers and the completion of algebraic closure of Q p 
and let v v be the normalized exponential valuation of C p with \p\ p = p~ v v^ = p -1 . 
When one talks of g-extension, q is variously considered as an indeterminate, a complex 
number or a p-adic number. If q e C p , then we normally assume \q — l\ p < p - ?^ 1 , so 
that q x = exp(xlogq') for \x\ p < 1. 

In this paper, we use the notation: 



[x] = [x : q] = 




Hence, lim g ^i[x] = x for any x with \x\ p < 1 in the present p-adic case. 
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Let d be a fixed integer and let p be a fixed prime number. We set 

X = ^m(Z/dp N Z), 



N 

X* = (J a + dpZ p , 



0<a<dp 
(a,p)=l 

a + dp N Z p = {x E X \ x = a (mod dp - ^)}, 

where a G Z lies in < a < dp N , cf. [2, 3, 4, 5, 6, 7, 8]. 
For any positive integer N, we set 

ti q (a + dp N Z p ) = 

and this can be extended to a distribution on X. This distribution yields an integral 
for each non-negative integer m: 

The multiple Barnes' Bernoulli polynomials were defined by 



II is^n ^ = £ ^ r) (*K> ^, ■ • • , -,)^ 

i=l / n=0 

for each iu,- > 0, 0< £ < 1, cf. [1]. 

The numbers Bn(wi,W2, ■ • • ,w r ) = Bn\o\wi,W2, ■ ■ ■ ,w r ) are called the multiple 
Barnes' numbers. 

Throughout this paper, we assume that a±, ■ • ■ , are taken in the set of integers 
and let w G Z p . Now, we can consider the multiple (/-Bernoulli numbers by using 
(/-integral as follows: 

P£\w, q\a u a 2 , ■ ■ • , a r ) = / / • •/ [w + ol\X\ H V a r x r ] n dfj, q (xi) ■ ■ ■ dfj, q (x r ), 

J1 V JZv Jz v 



r times 
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and 

(5^\q\a u a 2 , ■ ■ ■ , a r ) = / / ••■/ [a\X\ H h a r x r ] n d^ q {x\) ■ ■ ■ dfj, q (x r ). 

Jz„ Jz„ Jz„ 



r times 



In this paper, we construct the numbers /% ' r (w, q\cei, a 2 , • • • , ot r ) for h E Z which 
reduce the multiple Barnes' Bernoulli numbers Bn(oi\, a 2 , • • • , cn r ) as q — > 1. Also, we 
give the new explicit formulas which are related to these numbers. 



2. An extension of Changhee ^-Bernoulli numbers 



For /ieZ, we define the extension of Changhee (/-Bernoulli polynomials, numbers 
as follows: 



P£' r \w,q\cti,ct2,--- »a r ) 



(2) 



/ ••• / q^i=^ h ^ Xi [w + axxx H h a r av] n <i/j g (>i) • • • dfi q (x r ), 



r times 

and 

P ( n h ' r) (q\a u a 2r -- ,a r ) 



(3) = / ... / [a 1 x 1 ^ + a r x r ] n q^ r ^ ih i)xi d^xx) ■ ■ ■ dfi q (x r ). 



^p ^p^ 
r times 

These can be written as 



n-j 



^ («,, q\a u a 2 , • • • , or) = Yl ( U \ q^(3^ r) {q\a u a 2r ■ ■ , a r ) [«/ 

i=o 

By (3), we have 

,r) (g|ai»a2,- • • ,a r ) 
= I ■■■ I [a^!^ + a r x r ] n q^i=^ h ~ i)Xl diJ q (x 1 )---diJ q (x r ) 

JZ P J"Z V 
r times 

1 ^ f n \_^ 7 C?'" 1 + h )(ja 2 + h - 1) • • • (ja r + h - r + 1) 



(1 - q) n \jj \j ai + h][ja 2 + h-l]---[ja r + h-r + l] ' 
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Therefore we obtain the following 



Theorem 1. For any n > 0, we have 



^» (w , 9 i ai , Q2 ,..., ar) ^g(«) w -n(^U^ 



Remark 1. Note that 



(2,1 



PS 



(h,l 



(h,l 



ft 



(2,2 



(2,2 



(r,r 



(«|1) 

= 

(«|1)= 
(«|1)= 

MM) 
(«|M) 



— 3 {2 > 1) (a\D- 2q+1 
[2]' ^ Wl j ~ [2] [3] ' 

q 2 (q-l)(2[3] + q) 



4 2,1) (di) 



2q 2 
[3] [4] 



[3] [4] [5] 



A 



(1 + q H + g^" 1 ) + q(l + q H + ^" 2 ) H + g 



h-2\ 



Ji-1 



2! 



, M 2 ' 2) (?|i,i) 



[2][1] ; 
2(( ? -l) 2 + 5 ? ) 



[3] [4] 



(q\ I,"", 1) = 



[r][r-l]...[2][l]" 



[/*][/* + 1] 

2(g + 2) 

[2] [3] ' 



( cf. [4, 5, 6, 7, 8, 9, 10, 11] ) . 



r times 



Remark 2. By the definition of (3^ ,r \q\ai, «2, • • • , ot r ), we note that 



/3^' r) (0,g|ai,a 2 ,-- - ,a r ) = # ,r) (g|ai, a 2 , • • • ," r ). 
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By (2), (3), it is easy to see that 

/ ••• / [a±xi H h arir]™^-!^"'^^/!^!) ■ • • d/i 9 (a; r ) 

JZ„ JZr, 



V 



r times 



= (q-l) f ••• f [a 1 x 1 + --- + a r x r ] n+ \^=^ h -^- l)xi diJ q (x 1 )---diJ q (x r ) 

r times 

+ / ••• / [aixH + a r x r ] n Q E -i (/l " ai " i)Xl ^ g (xi)---^(a; r ). 



r times 

Thus we have 

/3£> r \q\ M 1 ^_ I 1) = (9 - l)^ 1 ' r) (g|l 1 W) + ^ 1 ' r) (?|l 1 W). 

r times r times r times 

It is easy to see that 

/ ••• / [w + aiXiH ^a r x r ] n q^i=^ h ~ l)xi d^ q (x 1 )---d^ q (x r ) 

r times 

d-1 

r)h—i2—2i 3 (r— l)i r 



(5) 



[d] n ~ r J2 q {ll+ "' lr) 

*1,*2,-"V=0 



/•••/: 



, rW + a\i\ + h a r i r d 

x / • • • / [ h a.\x\ H h a r x r ; q \ 



r times 



x qXl (h-l)d+-+x r (h-r)d d „ . . ( 



From (3), (5), we have the following: 



Theorem 2. For any positive integer n, we have 

d-i 

P^(w,q\a u a 2 ,--- ,a r ) = [d} n ~ r q (^+-ir)h-t2-2i 3 —-(r-i)i r 



o(hr)r w + aiil ^ VOL r i r d 
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Moreover, 



f3 { n h > r \wd,q\a u a 2 ,--- ,at r ) = W r q 

11,12, ■••i r =0 



d-l 

(iiH — i r )h—i2—2iz () — l)i r 



a(hr)t , + h «r«r d\ \ 



Remark 3. Note that 

lim f3^ ,r \w, q\a\, a 2 , ■ ■ ■ , a r ) = B^\w\ai, a 2 , ■ ■ ■ , a r ), ( see Eq. (1) ) . 

Hence, ^' r \w, q\ai, a 2 , ■ ■ ■ , a r ) can be considered by the g-analogue of Barnes' mul- 
tiple Bernoulli polynomials. Now, we will give the inverse formula of Eq. (4). 

Indeed we see 

Ef n V9-im ( "' r) (?i«i,«2,---,«r) 

V f n Vg - If [ - I [aixi + • • • + a r x r ] < g E i=i (h_J ' )a! ''d//,(xi) • • -dn q (x r ) 

4-a V/ J^v J^v 



i=0 



r times 

,n(aiXiH ha r £c r ) n 52 r j=1 (h-j)xj 




' j dn q (xi) ■ ■ -dfj, q (x r ) 

(ncti + ft) (n«2 + ft — 1) ■ • • (na r + ft — r + 1) 
[nai + ft] [n«2 + ft — 1] • • ■ [na r + ft — r + 1] 

Therefore we obtain the following: 
Theorem 3. For ft e Z> , we have 

t ( m ) ta - D'/f" (»i<*. <*,•••,*) = n ( J2a±*z4±i ) 
^Vv f = i V + ft - j + 1] y 
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Let x be a Dirichlet character with conductor d G Z> . Then we define the gener- 
alized Changhee g-Bernoulli numbers as follows: For m > 0, 

Pin* (.Q\ a li <*2, ■■■ ,<X r ) 

(6) = - Jja 1 x 1 + --- + a r x r ] m q^=^ h -^ (jlxi^ d N ( Xl ) ■ ■ ■ d N (x r )- 



r times 

By simple calculation, we see that 



/ ••• / [aixi + • • • + a r x r ] m q^=^ h j)x i ]T \(.r,) d^fa) ■ ■ ■ dfi q (x r ) 



r times 

d-1 



i 1 ,---,i r —0 \i = 1 



x / ••• / [ haixi H havav;^ 1 



r times 

x <^i=i x ^ h ~ J ^ d d^ q d(xi) ■ ■ -dii q d{x r ). 
By (2), (7), we have the following : 

Theorem 4. For h G Z> , we /iai>e 

d-i 

(3% ; r)( q \a u a 2l --. 1 a r ) = [d] m ~ r £ ? w 1 +...+(fc-H-i)i r 

«1 ,"• ,i r =0 

r 



x ( I! ] )gg' r) ( aiXl + , d , + ar,r > g d |«i, «2, • • • , 



Remark. By using our formulae in the case of q = 1, we can obtain many new 
formulas which are related to the multiple Barnes' Bernoulli numbers, cf.[l, 2, 4, 8, 10, 
11]. 
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